Abstract. Every category of universal algebras is isomorphic to a full subcategory of the category of all integral domains of characteristic zero and all their 1-preserving homomorphisms. Consequently, every monoid is isomorphic to the monoid of all 1-preserving endomorphisms of an integral domain of characteristic zero.
1.
Introduction. An integral domain is, as usual, a commutative ring with no zero divisors. Let I denote the category of all integral domains and all their homomorphisms, let \k denote the category of all integral domains with 1 and of characteristic k (k is zero or a prime) and all their 1-preserving homomorphisms. Finally, let J0 stand for the category of all integral domains of characteristic zero with no units and all their homomorphisms. Note that every nonzero homomorphism of integral domains with 1 must be 1-preserving.
To state the principal results we need to recall some categorical concepts. All functors are covariant unless specified otherwise. A functor F: A -» B which is one-to-one on every HomA(a, a') is called faithful; if, in addition, F is also one-to-one on the class of all objects of A we call it an embedding. F is full if every morphism d: ¥{a) -» F(a') of B has the form d = ¥{c) for some morphism c: a -> a' from A. A full embedding thus defines an isomorphism between A and a full subcategory of B. A concrete category is a category A together with a fixed faithful functor U: A -» Set into the category Set of all sets and all mappings. A category A of universal algebras will always be considered as a concrete category whose faithful functor U: A->Set is the usual underlying-set functor.
Let A,, A2 be concrete categories and let U,-: A, -» Set be their corresponding functors. A full embedding F: A, -» A2 is called an extension if there is a monotransformation m: U, -► U2 ° F (i.e., a natural transformation whose components ma: U,(a) -» U2(F(a)) are one-to-one mappings). F is a strong embedding if H ° U, = U2 ° F for some faithful functor H: Set -* Set; H is called the carrier of F. It is easy to see that a functor H: Set -» Set is faithful if and only if there is a monotransformation of the identity functor on Set into H; thus every strong embedding is also an extension. Definition 1. A category C is binding (or universal) if every category A of universal algebras has a full embedding into C. If C is concrete with V: C-»Set, then C is called strongly binding (or strongly universal) if every category of universal algebras can be strongly embedded into C.
Note that every strongly universal category has to be also universal. [6] contains a basic list of simple universal categories: the category R of directed graphs and all their compatible mappings, the category A(2) of all groupoids and all their homomorphisms, and the category 2A of all algebras with two unary operations and all their homomorphisms. The list of binding categories of algebras has later been extended by the category of semigroups [4] , the category of bounded lattices and all their (0, l)-preserving homomorphisms [2] , and the category of commutative rings with 1 and all their 1-preserving homomorphisms [l] -to name only a few. Since binding categories of algebras can be fully embedded into each other, an addition C to the list of binding categories can be obtained simply by a construction of a full embedding into C of any category from the list above. It was shown in [9] that 2A is a strongly universal category; to prove strong universality of a concrete category C it is therefore enough to construct a strong embedding of 2A into C.
Since every monoid M is isomorphic to the full endomorphism nonoid of an algebra with unary operations (e.g., to the endomorphism monoid of the dual of the Cayley representation of A/), it is clear that a universal category will contain an object whose endomorphism monoid is isomorphic to M.
Another important property of a binding category C is that it contains a proper class of pairwise nonisomorphic rigid objects (c is rigid if Homc(c, c) = {lc})-see, for instance, [7] . Since the zero mapping is always one of the endomorphisms of a ring, there are no nontrivial rigid integral domains. Similarly, the mapping x>-+xp is always one of the 1-preserving endomorphisms of an integral domain / of a prime characteristic/»; this mapping is trivial only if / is one of the finite primefields. Hence the following negative result. Proposition 1. None of the categories I, J0,1^, (p prime) is universal.
It will be seen later that removal of the zero morphisms from I (J0, respectively) will give rise to a class I* (J£, respectively) containing a strongly binding category as a full subcategory.
Throughout the paper we are working within the framework of the Gödel-Bernays set theory including the axiom of choice for sets.
Following is the list of results proved here. Theorem 1. There is a strong embedding F: 2A -» I0 carried by a functor H: Set -» Set such that H(X) is count ably infinite for every finite set X and card(H(A")) = card^) if X is infinite. Consequently, I0 is strongly universal.
Since an extension cannot decrease cardinalities of underlying sets and since I0 has no finite objects the strong embedding F above is the smallest possible in terms of cardinalities of underlying sets. Theorem 1 is the main result that is subsequently used in conjunction with results found elsewhere to obtain Theorems 2-6. Definition 2. A transformation monoid is a pair (X, N) in which A" is a set and N C Xx includes the identity transformation lx and is closed under composition of mappings.
The next theorem determines the number of nonisomorphic objects of I0 with isomorphic endomorphism monoids. Theorem 2. Let M be a monoid and let c > card(A/) + K0 be a cardinal number. Then there is a transformation monoid {X, M*) ss M on a set X of cardinality c and a system {Ia: a E 2C) of integral domains of characteristic zero such that:
(i) every Ia is defined on X and the monoid of all l-preserving endomorphisms of each Ia equals to (X, A/*);
(ii) if f: Ia -> Ia. is a l-preserving homomorphism, then a = a'. This, in a way, is a negative result: not even a complete description of the endomorphisms would single out a particular object of I0. Since c has no upper bound we see that there is a proper class of pairwise nonisomorphic objects of I0 with endomorphism monoids isomorphic to a given monoid M. There are exactly 2° pairwise nonisomorphic integral domains of cardinality c and in this sense Theorem 2 is the best possible as it gives the same (maximal) number of nonisomorphic domains representing a given monoid M. Theorem 3. For every monoid M there is an integral domain I of characteristic zero such that:
(i) the monoid of all l-preserving endomorphisms of I is isomorphic to M; (ii) the category of all objects of I0 containing I as a subring is binding.
Theorem 4. For every monoid M there is an integral domain I of characteristic zero such that:
ii) the monoid of all 1-preserving endomorphisms of I is isomorphic to M; (ii) the category of all objects of I0 that have I as a quotient object is binding.
Thus, in particular, the endomorphism monoids of pairs object-subobject (object-quotient object, respectively) in I0 are independent and can be chosen arbitrarily. (ii) every concrete category has an extension into I0, (iii) there is a cardinal number c such that every c-complete ultrafilter is principal.
The strong embedding F: 2A-»I0 is described in the next section; §3 contains ring-theoretic results needed for the proof of fulness of F. Proofs of Theorems 2-5 are included in the last part of the paper.
2. Construction of the strong embedding F. Let A' be a set and let X denote another copy of X such that X n X = 0. Fix once and for all a bijection x i-> x of X onto X. Denote by P (X) the ring of all polynomials over X u X with integer coefficients, i.e., P(X) = Z[X u X] and let K(X) be the ideal of P(X) generated by the set {x3 + x3 -5: x E X). Set D(X) -P(X)/K(X) and let tpx: P(X)^>D(X) be the natural homomorphism whose kernel is K(X). For an element /» = p(xx,...,
x", xx,..., x") of P(X) denote by d(p) its total degree, by dy(p) the degree of p in an indeterminate y E X u X. Let c(p) denote the codegree of /», that is, the smallest degree of a nonzero monomial term of/». Define Iff: (X; a, /?)-»LY'; a', ß') is a homomorphism of the two unary algebras, then D(f) maps the group Z + J{X) into Z + J(X'), and
for all iEl Thus D(f) maps F(*; a, ß) into F(A"; a', ß') and this enables us to define F(/) as the restriction of D(f) to F(X; a, ß). It is easy to see that 1 E D (X) and that D (X) is an integral domain of characteristic zero. Hence FLY; a, ß) is an object in I0 for every {X; a, ß) from 2A; F is a covariant functor from 2A into I0. We need the lemma below to prove that F is carried by a faithful functor H: Set -> Set. where all A¡(xn) satisfy (a)-(c) and do not depend on xn. Let í G S be arbitrary and let us define new homomorphisms s0, sx, s2 E S by s¡(z) = s(z) for &llz E X \j X,z j= xn, and by s¡(xn) = -p'x". Since Sj(A¡) = s(A¡) for all i,j an application of s0, slt s2 to (1) will yield, respectively, Adding (2)- (4) gives 3s(A0) = 0 and because 3 *£ 0 in the integral domain G(X), s(A0) = 0. Taking linear combinations of (2), (3), (4) whose coefficients are suitable powers of p we similarly obtain s (A,) = s(A2) = 0. Each A¡ can now be written as
where the coefficients By do not depend on xn and satisfy (a)-(c). Apply s to (5) to get the following equality in G(X):
Since s(B¡j) are independent of xn we conclude that all of them must vanish. By the induction hypothesis, By = 0 for all i,j so that/»0 = 0 as desired. The uniqueness follows immediately. Notation. The previous lemma implies that <px is one-to-one on the set of all polynomials p0 for which (a)-(c) hold. Hence there is no danger of confusion in writing p0 instead of <px(p0)-Similar comment applies to the set of all 5z with z G X u X.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Lemma 2. There is a functor H: Set -» Set that carries F.
Proof. Denote Xa = {x2-a(x): x E X), Xß = {x• ß(x): x E X) and recall that the underlying set of F(A^; a, ß) is the subring of D(X) generated by -Ya U Xß u {1} U J (X). Observe that the product of any pair of elements of Xa u Xß lies in the ideal J (X) so that every element w E F(X; a, ß) has a representation w = c + ^c^+j, wherey¡ E Xa\jXß,j E J(X), c, c, E Z5, and only finitely many coefficients c¡ do not vanish; Lemma 1 implies the uniqueness of this representation. Therefore the underlying set of F(X; a, ß) equals the underlying set of the direct sum Wi(Xa u Xß u {1}) © J (X) of the group freely generated in the class 5z = 0 by the disjoint union of Xa, Xß, and {1} with the additive group of J(X). Furthermore, both Xa and Xß are naturally bijective to X through the mappings x-*x2-a(x), x*-*x-ß(x), respectively. The underlying set of F^; a, ß) is thus naturally isomorphic to the underlying set H(.Y) of the group W(X) -W5(X X {a, ß) u {1}) © J(X) and hence it may be identified with H(.Y). If /: X -> X' is an arbitrary mapping, define H(/) as the underlying mapping of the group homomorphism
where Dx(f) is the restriction of D(f) to J(X) and W5(f) is the unique extension of the mapping that sends 1 to 1, (x, a) to (f(x), a), and (x, ß) to (/(*), ß)-Since D(f) maps J(X) into J(X'), H(/) is well defined and it is also easy to see that the functor H thus defined is faithful: each H(A") contains a copy of X {X X {a), for instance) on which the mapping H(/) behaves exactly like the original /. If/: (X; a, ß)-*(X'; a', ß') is a morphism in 2A, then
where the last equality holds because/is a morphism in 2A. Simultaneously,
analogously one shows that F(f)(x, ß) = W(f)(x, ß). It is easy to see that F(/) is also a homomorphism of W(X) into W(X'); since it coincides with W(f) on the set of generators of W(X), F(f) = W(f), and this means that H(/) is the underlying mapping of F(f).
The lemma below will be used in the proof of fulness of F.
Lemma 3. Let u, v E X U X. Then u2v E F(X; a, ß) if and only if u E X and v =a(x). Similarly, if r, s E X, then rs E F(X; a, ß) if and only if s = ß(r).
Proof. Immediate from Lemma 1. Another property of D (X) needed for the proof of fulness of F is described by the following theorem which is a corollary of the main result of §3.
Theorem 7. Let a, b E D(X). Then a3 + b3 = 54 // and only if {a, b) = {5x, 5x) for some x E X.
The remainder of this section will be devoted to the proof of fulness of F based on Lemma 3 and Theorem 7; we will also modify F to obtain a functor that is one-to-one also on objects. The second task is simple: once we have a full faithful functor F: 2A-»I0, we define F*(A) = F(A) X {A}. Then F* is naturally equivalent to F and it is obviously one-to-one on the class of objects of 2A. There is no reason to use a different notation and we may just as well assume that F defined above is an embedding.
To show that F is a full functor, let h: F(X; a, /?)->F(A"; a', /?') be a 1-preserving homomorphism of the two rings and let x E X. Then (5x)3 + (5x)3 = 54 and since this equality must be preserved by h, we conclude from Theorem 7 that there is a uniquely determined y E X' such that {h(5x), h(5x)) -{5y, 5y). Thus there is a well-defined mapping /: X -» X' characterized by {h(5x), h(5x~)} -{5f(x), 5j(x)}. 53h(x2-~âjx)) = A(5;c)2 • h(5a(xj) = (5u)2 • 5v, where u E {f(x), f(x)} and v E {f(a(x)), f(a(x))}. Hence u2v = h(x2• ~âjx)) E F(X'; a',ß') and, by Lemma 3, this happens only if u E X' and v =a'(u). Therefore u = f(x) and a'(f(x)) =a'(u) = v =f(a(x)); this implies that h(5x) = 5f(x) for every x E X (and, consequently-using Theorem 7 again-A(53c) = 5f(x) for all x G X), and that/(a(x)) = a'(f(x)) for every x E X. An analogous use of the second part of Lemma 3 allows us to conclude that/is a morphism in 2A. It is clear that A is a restriction of D(f) to F(X; a, /?)-therefore h = F(/) as required.
Remark. It is obvious that the only homomorphism F(A)^F(A') that does not preserve 1 is the zero homomorphism. One may wish to ask whether the presence of units is essential here; it can be easily seen that this is not the case. We can modify our construction in the following way: define F0(X; a, ß) as the subring of D(X) generated by Xa tj Xp U 7(A') only. Lemma 3 and Theorem 7 will apply in the present case as well and the set-functor Hq obtained as the restriction of H to the underlying set of thus A is the zero homomorphism. We can formulate our findings as follows.
Theorem 8. The class I* (J*, respectively) of all nonzero morphisms from I (J0, resp.) contains a full subcategory which is strongly universal.
It is clear that Theorems 2-6 can now be appropriately reformulated for I* and J*. We leave this to the reader, pointing out only one of the consequences: every monoid M appears as the monoid of all nonzero endomorphisms of an integral domain of characteristic zero with (or without) units. This includes the claim that the nonzero homomorphisms cannot compose into a zero homomorphism for any of these rings. Note that R* is a cubic extension of the polynomial ring R[x]; the difficulties involved in handling cubic extensions are the main reason why, instead of showing Theorem 9 directly, we will extend R* to a ring E that will be only a quadratic extension of the relatively uncomplicated ring R[t, t~l] with t which is transcendental over R.
Definitions and notation. Since every integral domain of characteristic zero can be extended to an integral domain R containing the field C of complex numbers it is enough to prove Theorem 9 for these R only. From now on we will assume that C ç R and make no further references to this assumption.
Let R, R* be as in Theorem 9 and let C C R. Denote x + y = t, t4 -4at = A and observe that A = t(t3 -4a) = (x + y)((x + y)3 -a -3(x + y)(x2 -xy + y2)) --3(x+.y)2(*-v)2.
Choose û = (-3)-1/2 and denote r = A1/2 = (-3)1/2(x + y)(x -y).
The ring E = R[t, f ~'][r] contains R* since both x and y are in E. If t was algebraic over R, then the algebraic extension E of R[t, r_1] would be also algebraic over R; this would imply that both x and y are algebraic over R-a contradiction. Hence t is transcendental over R and every element w of R Let 0 # a E R and let /, g E E be such that f3 + g3 = a4; denote X¡ = f + gp' for / = 0, 1, 2 and a p satisfying p2 + p + 1 = 0. Hence X¡ belong all to E and (8) X0-Xx-X2 = a\ (9) X0 + PXX + p2X2 -0.
To prove Theorem 9 we have to find all the joint solutions of (8) and (9) in E. We will deal with equation (8) Thus the sum of the degrees of the three factors on the left-hand side of (12) must be zero and the same is true for the sum of their codegrees. Therefore Since a product of monomials is a monomial again, every element of E that has the form (14) stk(Gx ± HxY)n, where s =£0,n > 0,k E Z, will satisfy (13). Next we will show that all elements of E that satisfy (13) are of the form (14) . The proof depends on the three lemmas below. This finishes the proof.
To conclude the proof of Theorem 9 we have to find all joint solutions of (8) which says, in particular, that the left-hand side is a multiple of t3 -4a. On the other hand, however, 4fc-1/*(/3* -(4a)*) is a multiple of t3 -4a as well, so that the difference of the two polynomials is a multiple of i3 -4a again. The difference is equal to the monomial 4*-1/*a*(4* -4). Since a^Owe conclude that 4* = 4; this is possible only if k = 1 as the characteristic of R is zero. Therefore the only possible solutions of (8) and (9) (26) yields Tx = pT2 and from (27) we will then obtain T0 = -2p2t2T2.
Substitute for X¡ into (8) to get a4 = -aÇLtT^3, that is, (272r + a)(272r + ap)(2T2t + ap2) = 0.
Thus 72 = -jpe+1a/-1 for some integer c, 7, = -^pc+2at~l, and T0 =» peat.
As (p~b -pb)2 = -3 for any integer b G 3Z, r = (p-*-p*)(x+^)(x-7)
for a suitable choice of b. Note also that (p2 -p)(p~b -p6) = (-1)63 and recall that t -x + y. Consequently, 3/= *0 + A-, + X2 = 70 + 7,(/2 -T) + T2(t2 + T)
that is, / = pcax or / = pcay depending on whether b is even or odd. g = X0-f and this enables us to conclude that {/, g} = {peax, pcay). This finishes the proof of Theorem 9; the other solution pairs {/, g) are obtained by choosing the values of p and of (-3)1/2 in other combinations than those used in the above argument.
Proofs of Theorems 2-5.
Proof of Theorem 2. Theorem 2 was formulated and proved for the category C of commutative groupoids in [7] . There is a strong embedding G: C -> 2A preserving cardinalities of infinite underlying sets and mapping finite groupoids to finite unary algebras in 2A ( [6] or [10] ). The strong embedding constructed in the present paper also preserves cardinalities of infinite algebras and assigns countable integral domains to finite algebras from 2A. The composite full embedding F ° G: C -» I0 is strong and preserves the cardinalities of infinite sets. The proof of Theorem 2 is concluded by the following simple observation: a strong embedding that preserves infinite cardinalities must also translate everything Theorem 2 describes.
Theorems 3 and 4 can be proved as consequences of [3] and [4] , respectively, using composites of some of the full embeddings included in [6] and in [10] . To minimize the number of needed references we prove a stronger result instead.
Theorem 10. For every monoid M there is an integral domain I of characteristic zero such that:
(i) the monoid of all l-preserving endomorphisms of I is isomorphic to M; (ii) the category of all objects J of I0 such that I C J is strongly binding; (iii) the category of all objects K o/I0 that have I as a quotient ring is strongly binding.
This generalizes Theorems 3 and 4 in two ways: first, the object / can be chosen the same for both claims; secondly, the two categories claimed are not only universal but strongly universal as well.
To prove Theorem 10 for I0 we will first prove its version in a more suitable category of universal algebras and then use the strong universality of I0 together with the fact that "to be an onto homomorphism" and "to be a one-to-one homomorphism" are properties that are clearly preserved by any strong embedding from one category of algebras into another. The category we chose is 4A-the category of all algebras (X; a0, ax, a2, a3) with four unary operations a¡ and all their homomorphisms.
We proceed as follows. Let A = (X; m0, mx) be an arbitrary nonempty algebra in 2A whose endomorphism monoid is isomorphic to M. Define an expansion B of A in the category 4A by S = (A-u [0,1); b0,bx,b2,b3), where the union is disjoint and b0(x) = m0(x), bx(x) = mx(x), b2(x) = b3(x) = 1 for all x G X;
for / = 0, 1. It is easy to see that every endomorphism / of A extends to an endomorphism/* of B such that/*(/) = / for / = 0, 1. Conversely, note that b2(w) = b3(w) in B holds if and only if w E X and hence every endomorphism g of B has to preserve X. Denote by/ the restriction of g to X; since b0, bx coincide with m0, mx on X, / is an endomorphism of A. Furthermore, g(l) = g(b2(x)) = b2(g(x)) = b2(f(x)) -1, and g(0) = g(Z»2(l)) = b2(l) = 0. This shows that g = f* and, consequently, the endomorphism monoid of B is also isomorphic to M. Now we will construct strong embeddings G, H: 2A -» 4A such that G(C) will have B as a homomorphic image and B will be a subalgebra of H(C) for every C in 2A.
Recall that the underlying set of A is X and choose an arbitrary rigid algebra (A"; rQ, rx) in 2A. Such an algebra always exists-cf. [10] . (X; r0, rx) will be used as an element of both constructions.
Let us define H first. For an arbitrary algebra C = (Z; a0, a,) in 2A set for i = 0, 1. But the identity mapping idx is the only endomorphism of (X; r^, rx) so that h(x) = x for x E X. Thus g(x, i) = (x, i) and this concludes the proof of the equality g = H(/). The functor H is a strong embedding.
The functor G: 2A -» 4A is defined as follows.
G(Z; a0, ax) = (X X {0, 1} U Z u {0, 1, 2, 3}; a0, ax, a2, a3), where the union is disjoint and a0(x, 0) = (m0(x), 0), ax(x, 0) = (w,(x), 0), a0(x,l) = (r0(x),l), ax(x, 1) = (rx(x), 1) forallxEX; öo(z) " ao(z)> fli(z) " ai(z)for a11 2 E Z;
"o(0 = ai(0 = 'for ' = °> l> 2> 35 a2(x, 0) ■ (x, 1), a2(x, 1) = 2 for all x E X; a2(z) = a2(2) = 3 for all z E Z; a2(0) = 1, ci2(l) -a2(3) -0; a3(x, 0) -a3(x, 1) = 3 for all x E X; a3{z) = a3(0) = 2 for all z E Z; d3(l) = a3(3) = 1, c73(2) = 0. If/: (Z; a0, ax) -* (Z'; a'0, a'x) is a morphism in 2A, set G(/)(z) = f(z) for z E Z, G(/)(u) = v for all t> E V = X X {0, 1} u {0, 1, 2, 3}; it is easy to verify that G(/) is a morphism in 4A and that G is carried by a set-functor. Let g: G(Z; a0, ax) -> G(Z'; a'Q, a'x) be a homomorphism of the two algebras.
Since 1 is the only element fixed by a3, we have g(l) = 1 and using a2, a3 we get also g(0) = 0, g(2) -2, g(3) = 3, in that order. Note that a2(w) = 2 exactly when w G X x {1}. The operations a0, ax coincide on A X {1} with the operations of the rigid algebra (A"; r0, rx) and hence g(x, 1) = (x, 1) for all xEX. a'2(g(x, 0)) = g(a2(x, 0)) = g(x, 1) = (x, 1) implies g(x, 0) = (x, 0) for all x E X. Z is the set of all elements u of G(Z; a0, ax) for which a3(u) = 2 and a2(u) = 3; therefore g maps Z into Z' and compatibility of g with a0, i/, on Z implies that the restriction / of g to Z is a morphism in 2A. Thus G is a strong embedding. It is straightforward to verify that the mapping kc: G(C) -» B defined by kc(z) = A:c(0) = kc(2) = 0 for all z E Z, kc(x, 0) = x and kc(x, 1) = A:c(l) = kc(3) = 1 for all x E X is an onto homomorphism for every C = (Z; ag, a,) in 2A. Similarly, the subalgebra of each H(Z; a0, ax) based on A X {0} U (0, 1} is isomorphic to B.
This proves the claim of Theorem 10 for the category 4A; using the strong universality of I0 we get Theorem 10 as stated above.
Proof of Theorem 5. Every transformation monoid (A", M) is the full endomorphism monoid of one card(A")-ary relation on A". Since every category of relational systems can be extended into 2A [6] , Theorem 1 implies the existence of an integral domain / in I0 satisfying (i)-(iii). The remainder of Theorem 5 follows immediately from [7] where the main result says that for every strongly universal category of algebras C there is a proper class of strong embeddings S,: C -> C such that S,(c) as Sj(d) only if i = j and c » d (c, d objects of C).
Remark. Since every concrete category K with only a set of objects (small concrete category) is a full subcategory of some category of relational systems (where we include one card(A")-ary relation Rk for each object k of K whose underlying set is X), we have an immediate generalization of Theorem 5 for small categories in an arbitrary concrete representation. Theorem 6 is even more general: it extends the claim of Theorem 5 to categories that have a proper class of objects. It is clear that the method outlined here would not be adequate for the proof of Theorem 6.
There are other consequences of the strong universality of I0 too numerous to mention. Theorems 2-5, for instance, can be further generalized and combined in various ways; there are other results utilizing the special properties of the strong embedding F from Theorem 1. It is hoped, however, that the spectrum of results presented here is wide enough to convey some of the flavor of the field and to indicate possible usefulness of the concept of universality.
